
  

MAY 2011 U/ID 32356/UCMF 

Time : Three hours Maximum : 100 marks 

PART A — (10 × 3 = 30 marks) 

Answer any TEN questions. 

Each question carries 3 marks. 

1. If A  is any non empty subset of R  that is 

bounded below show that A  has a greatest lower 

bound in R . 

 A  Gß£x öÁØÓÀ»õu, Rß EmPn®. A  R÷Ç 

Áµ®¦USm£mhöuÛÀ A US «¨ö£¸ RÌÁµ®¦ RÀ 

Esk GÚU Põs¤. 

2. If { }∞
= 1nns  is a sequence of non negative numbers 

and if Ls
n

n =
∞→

lim
 prove that 0≥L . 

 { }∞
= 1nns  Gß£x SøÓöÁsPÍÀ»õu GsPÎß Á›ø\ 

©ØÖ® Ls
n

n =
∞→

lim
 GÛÀ 0≥L  GÚ {¹¤. 
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3. Prove that a convergent sequence of real numbers 

is bounded. 

 ö©´ö¯sPÎß J¸[S® Á›ø\ 

Áµ®¦USm£mhöuÚ {¹¤. 

4. Give an example of sequences { }ns  and { }nt  for 

which, as ∞→n  

 (a) ,∞→ns  ,∞−→nt  ∞→+ nn ts . 

 (b) ,∞→ns  ,∞→nt  0→− nn ts . 

 (c) { }ns , { }nt  oscillating but nn ts +  diverges. 

 RÌUPshÁØÖUS Euõµn® öPõk. 

 (A) ,∞→ns  ,∞−→nt  ∞→+ nn ts . 

 (B) ,∞→ns  ,∞→nt  0→− nn ts . 

 (C) { }ns , { }nt  F\»õk® Á›ø\PÒ, BÚõÀ 

∞→+ nn ts  Â›Áøh²® Á›ø\. 

5. Show that ∑
∞

= 1

1

n n
 is divergent. 

 ∑
∞

= 1

1

n n
Â›²® öuõhº GÚU Põs¤. 
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6. State : 

 (a) The Schwarz inequality. 

 (b) The Minkowski inequality. 

 (A) _Áõmì \©Û¼, (B) ªß÷PõÆìQ \©Û¼ 

BQ¯ÁØøÓ TÖP. 

7. Show that union of a non empty family of open 

sets of a metric space M  is also an open sub-set of 

M . 

 J¸ ö©m›U öÁÎ°À (M ) vÓ¢u EmPn[PÎß 

÷\ºUøP²® vÓ¢u EmPn©õP C¸US® GÚU Põs¤. 

8. If A  and B  are sets of the first category prove 

that BA ∪  is also of the first category. 

 A ²® B²® •uÀ ÁøP Pn[PÒ GÛÀ BA ∪ ²® 

•uÀ ÁøP GÚ {¹¤. 

9. Let [ ]1,0=A . Which of the following subsets of A  

are open subsets of A ? 

 (a) 







1,

2

1
  (b) 








1,

2

1
 

 (c) 






1,

2

1
. 
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 [ ]1,0=A . RÌUPshÁØÖÒ A ß vÓ¢u 

EmPn[PøÍU Psk¤i. 

 (A) 







1,

2

1
  (B) 








1,

2

1
 

 (C) 






1,

2

1
. 

10. If A  is a closed subset of the compact metric space 

ρ,M  show that the metric space ρ,A is also 

compact. 

 ρ,M  GßÓ Pa]u öÁÎ°À A  J¸ ‰i¯ 

EmPn® GÛÀ ρ,A  GßÓ ö©m›U öÁÎ²® 

Pa]u©õÚx GÚU Põs¤. 

11. Show that ( ) ,2xxg =  ( )∞<<∞− x  is not 

uniformly continuous. 

 ( ) ,2xxg =  ( )∞<<∞− x ^µõÚ öuõhº \õº¦ AÀ» 

GÚU Põs¤. 

12. Find the Maclaurin series for 

( ) ( )∞<<∞−= xexf x . 

 ( ) ( )∞<<∞−= xexf x  GßÓ \õº¤ß ö©UÍõ›ß 

öuõhøµ GÊx. 
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PART B — (5 × 6 = 30 marks) 

Answer any FIVE questions. 

Each question carries 6 marks. 

13. Show that the sequence 

∞

=



















 +
1

1
1

n

n

n
 is 

convergent. 

 

∞

=



















 +
1

1
1

n

n

n
 GßÓ Á›ø\ J¸[S® GÚU Põs¤. 

14. ∑
∞

=1n

na  be a series of real numbers. np  are the 

positive terms and nq  are the negative terms of 

∑
∞

= 1n

na  and nnn qpa += . Prove the following : 

 (a) If ∑
∞

= 1n

na  converges absolutely then both 

∑
∞

=1n

np  and ∑
∞

=1n

nq  converge. 

 (b) If ∑
∞

= 1n

na  converges conditionally then both 

∑
∞

= 1n

np  and ∑
∞

= 1n

nq  diverge. 
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 ∑
∞

=1n

na  Gß£x ö©´ö¯sPÎß öuõhº. np , nq   

•øÓ÷¯ ∑
∞

=1n

na ß ªøP ©ØÖ® SøÓ GsPÒ. ÷©¾® 

nnn qpa += . RÌUPshÁØøÓ {¹¤. 

 (A) ∑
∞

= 1n

na  ©mk J¸[S® öuõhº GÛÀ ∑
∞

=1n

np  

©ØÖ® ∑
∞

=1n

nq  BQ¯ Cµsk® J¸[S® 

 (B) ∑
∞

= 1n

na  {£¢uøÚ J¸[S öuõhº GÛÀ∑
∞

= 1n

np  

©ØÖ® ∑
∞

= 1n

nq  BQ¯ Cµsk® Â›²®. 

15. Prove that in a metric space ,m  every convergent 

sequence in Cauchy. Show by an example that the 

converse need not be true. 

 J¸ ö©m›U öÁÎ°À )(m  J¸[S® Á›ø\ö¯À»õ® 

Põæ GÚ {¹¤. J¸ Põæ Á›ø\ J¸[S® Á›ø\¯õP 

C¸UP ÷Ási¯vÀø» Gß£uØS Euõµn® Põs¤. 
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16. If f  and g  are real valued functions, f  is 

continuous at a  and if g  is continuous at ( ),af  

show that fg o  is continuous at a . 

 f , g  ö©´©v¨¦ÒÍ \õº¦PÒ, f  a  GßÓ ¦ÒÎ°À 

öuõhºa]¯õÚx, g , ( )af  À öuõhºa]¯õÚöußÓõÀ 

fg o  aÀ öuõhºa]¯õÚöuÚ {¹¤. 

17. If M  is a compact metric space prove that any 

family of closed subsets of M  with the finite 

intersection property has a non empty 

intersection. 

 M  J¸ Pa]uöÁÎ GßP. •iÄÖ öÁmkUSn® 

EÒÍ ‰i¯ Pn[PÎß Sk®£zvÀ AÁØÔß öÁmk 

öÁØÓÀ»õux GÚU Põs¤. 

18. If f  is a 11 −  continuous function from the 

compact metric space 1M  onto the metric space 

,2M  then 1−f  is continuous on 2M . 

 21: MMf →  JßÖUöPõßÓõÚ \õº¦, f  

öuõhºa]¯õÚ \õº£õÚõÀ 1−f ® 2M ÂÀ 

öuõhºa]¯õÚx GÚ {¹¤. 
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19. Let φ  be a real valued function on the closed 

bounded interval [ ]ba,  such that φ ′  is continuous 

on [ ]ba, . Let ( ),aA φ=  ( )bB φ= . If f  is 

continuous on [ ]( )ba,φ  prove that 

( ) ( )[ ] ( )∫ ∫ ′=
B

A

b

a

duuufdxxf φφ . 

 [ ]ba, À φ  J¸ ö©´©v¨¦ÒÍ \õº¦, φ ′ [ ]ba, À 

öuõhºa]¯õÚx ( ),aA φ=  ( )bB φ=  GßP. f   

Gß£x [ ]( )ba,φ À öuõhºa]¯õÚöuÛÀ 

( ) ( )[ ] ( )∫ ∫ ′=
B

A

b

a

duuufdxxf φφ  GÚ {¹¤. 

PART C — (4 × 10 = 40 marks) 

Answer any FOUR questions. 

Each question carries 10 marks. 

20. If { }∞
= 1nns  and { }∞

= 1nnt  and sequences of real 

numbers and if ,Ls
n

Lt
n =

∞→
 ,Mt
n

Lim
n =

∞→
 

0≠M  show that 
M

L

t

s

n

Lim

n

n =
∞→

. 
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 { }∞
= 1nns , { }∞

= 1nnt  BQ¯øÁ ö©´ö¯sPÎß 

Á›ø\PÒ. ,Ls
n

Lt
n =

∞→
 ,Mt
n

Lim
n =

∞→
 0≠M  

GÛÀ 
M

L

t

s

n

Lim

n

n =
∞→

 GÚ {¹¤. 

21. If { }∞
= 1nna  is a sequence of positive numbers such 

that  

 (a) LL ≥≥≥>≥≥ + 1321 nn aaaaa   

  and 

 (b) 0=
∞→ na

n

Lim
 

  then show that ( )∑
∞

=

+−
1

1
1

n

n

n
a  is convergent. 

 { }∞
= 1nna  GßÓ ªøP GsPÎß öuõh›À  

 (A) LL ≥≥≥>≥≥ + 1321 nn aaaaa  

 ©ØÖ® 

 (B) 0=
∞→ na

n

Lim
 GßÔ¸¢uõÀ ( )∑

∞

=

+−
1

1
1

n

n

n
a  

J¸[S® GÚU Põs¤. 

22. Show that the real valued function f  is 

continuous at  Ra ′∈  if and only if  

( ) ( )afxf
n

Lim
ax

n

Lim
nn =

∞→
⇒=

∞→
. 
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 f  GßÓ ö©´ ©v¨¦ÒÍ \õº¦ Ra ′∈ À öuõhºa]¯õP 

C¸¨£uØSz ÷uøÁ¯õÚx® ÷£õx©õÚx©õÚ 

{£¢uøÚ 

( ) ( )afxf
n

Lim
ax

n

Lim
nn =

∞→
⇒=

∞→
 GÚU 

Põs¤. 

23. Let ρ,M  be a complete metric space. If T  is a 

contraction on M  prove that there is one and only 

one point x  in M  such that xTx = .  

 ρ,M  Gß£x •Êø©¯õÚ ö©m›U öÁÎ. M À T  

J¸ GÛÀ xTx =  GßÔ¸¨£x ÷£õÀ M À J÷µ J¸ 

x  EÒÍx GÚ {¹¤. 

24. If f is continuous on the closed bounded interval 

[ ]ba,  and if [ ] ( )∫=
x

a

dttfxF  ( )bxa ≤≤   show 

that ( ) ( ),xfxF =′  bxa ≤≤ . 

 [ ]ba, À f J¸ öuõhºa]¯õÚ \õº¦, [ ] ( )∫=
x

a

dttfxF  

( )bxa ≤≤  GÛÀ ( ) ( ),xfxF =′  bxa ≤≤  GÚU 

Põs¤. 
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25. Let { }∞
=1nnf  be a sequence of continuous real valued 

functions on the compact metric space ρ,M  

such that 

( ) ( ) ( ) Mxxfxfxf n ∈≤≤≤≤ LL21 . 

 If { }∞
= 1nnf  converges pointwise on M  to the 

continuous function f  prove that { }∞
= 1nnf  

converges uniformly to  

f on M. 

 { }∞
=1nnf  Gß£x ρ,M  GßÓ Pa]u öÁÎ°ß ÷©À 

EÒÍ ö©´©v¨¦ÒÍ öuõhºa]¯õÚ \õº¦PÎß 
Á›ø\ ©ØÖ® ( ) ( ) ( ) Mxxfxfxf n ∈≤≤≤≤ LL21 . 

{ }∞
= 1nnf , f  GßÓ öuõhºa]¯õÚ \õº¦US ¦ÒÎ 

Áõ›¯õP J¸[QÚõÀ Aa\õº¦US ^µõPÄ®  M &À 

J¸[S® GÚ {¹¤. 

——————— 


